Having both elastic and inelastic two-body processes that are characterized by a complex s-wave scattering length between ↑ and ↓ fermions in mind, here we apply the non-Hermitian extension of the mean-field theory to the BCS-BEC evolution at zero temperature. We construct the phase diagram of the system, where we find a reentrant superfluid (SF) transition that is intervened by a normal and/or a metastable phase as a function of increasing inelasticity. This transition occurs in a large parameter regime away from the unitarity, i.e., both on the BCS and BEC sides of the resonance. In addition, except for the strongly-inelastic regime, we also show that the SF phase can be well-described by the condensation of weakly-interacting bosonic pairs in the two-body bound state with a complex binding energy.
I. INTRODUCTION
The presence of magnetically tunable Feshbach resonances in ultracold collisions permits the ground state of a SF Fermi gas to evolve from the BCS limit of weaklybound and largely-overlapping Cooper pairs to the BEC limit of strongly-bound and smally-overlapping bosonic molecules [1] [2] [3] . For this purpose, since the main objective is to understand the effects of elastic collisions between particles, one customarily chooses a purely real scattering length, and tunes both its magnitude and sign across the resonance, i.e., first the scattering length takes small and negative values in the BCS limit, then it diverges and changes sign at the resonance, and then it takes small and positive values in the BEC limit. In the case of an s-wave resonance, this evolution turned out to be a crossover phenomenon without a phase transition anywhere in between.
Motivated by the recent works on non-Hermitian Fermionic superfluidity [4] [5] [6] [7] , and particularly by Ref. [7] on the Hubbard model with a complex-valued interaction strength, here we study the non-Hermitian extension of the BCS-BEC evolution with a complex s-wave scattering length between ↑ and ↓ fermions in a continuum model, whose real (imaginary) part describes the elastic (inelastic) processes [8] . Our self-consistent mean-field theory for the ground state is almost identical to that of Ref. [7] , except that we allow not only the SF order parameter but also the chemical potential to take complex values. At the expense of this complicacy, our number equation becomes purely real, and our theory accurately reproduces the two-body physics with a complex binding energy in the BEC limit [9] . Some of our primary findings can be summarized as follows. By constructing the phase diagram of the continuum model, we first reveal a reentrant SF transition that is intervened by a normal and/or a metastable phase as a function of increasing inelasticity. In contrast to the lattice model where a similar transition is reported only in the weakly-bound BCS regime [7] , our model exhibits a reentrant transition not only on the BCS side of the resonance but also on the strongly-bound BEC side except for the crossover region around unitarity. Then, in the weakly-inelastic region, we show that the BEC side can be well-described by the condensation of weaklyinteracting bosonic pairs in the two-body bound state with a complex binding energy. However, the physics differs considerably in the strongly-inelastic region, where the SF phase is a many-body phenomenon.
The rest of the paper is organized as follows. In Sec. II, we first introduce the non-Hermitian extension of the mean-field Hamiltonian, and then obtain the selfconsistency equations under the notion of biorthogonal quantum mechanics. In Sec. III, we present the phase diagram of the system, and discuss the self-consistent solutions for the SF order parameters and the chemical potentials. The paper ends with a brief summary of our findings in Sec. IV.
II. MEAN-FIELD THEORY
In this paper, we consider the situation where the contact density-density interaction U between ↑ and ↓ fermions has an imaginary component, i.e., U = U R +iU I with U R ≥ 0 and U I ≥ 0 [7] . The physical motivation for the inclusion of such a term into the effective Hamiltonian is due to the inelastic two-body loss processes, and it can be derived from the quantum master equation with the proper Limbladian operator [7, [10] [11] [12] [13] . While the master equation with the quantum-recycle term describes the dissipative dynamics of the system at all times, our effective Hamiltonian describes only the short-time dynamics during which the recycle term is assumed to be negligible. As proposed in Ref. [11] , a complex-valued interaction can effectively be realized with cold atoms through postselection (i.e., projecting out the quantum jumps) by a continuous monitoring of the particle number.
A. Mean-Field Hamiltonian
When U is a complex number, the effective mean-field Hamiltonian for the stationary Cooper pairs can be writ-arXiv:2002.00653v1 [cond-mat.quant-gas] 3 Feb 2020 ten as [7] 
where c † kσ (c kσ ) creates (annihilates) a spin-σ fermion with momentum k, ξ k = k − µ with k = 2 k 2 /(2m) the usual free-particle dispersion in continuum and µ the chemical potential. Unlike its Hermitian counterpart, it turns out that µ = µ R + iµ I must have an imaginary component in order for the number equation to take purely real values [9] . In addition, the complex parame-ters∆ = ∆ * are the non-Hermitian extension of the SF order parameter for pairing.
In this paper, we are interested in the ground state of the system at zero temperature that is based on the notion of biorthogonal quantum mechanics as follows [14] . First of all, given that H † emf = H emf is a non-Hermitian Hamiltonian, its right ground state is not the same as the left one. Analogous to the usual BCS theory, one can write
|0 for the right ground state and BCS| = 0| k (u k +v k c −k↓ c k↑ ) for the left one [7] . In accordance with the biorthogonal formalism, these coefficients must satisfy u 2 k + v kvk = 1 for every k, so that the inner product BCS|BCS = 1 is normalized to unity [14] . This leads to
where the quasiparticle energy E k = ξ 2 k + ∆∆ is a complex number in general.
B. Self-consistency Equations
In terms of the right and left ground states, the SF order parameters can be written as the expectation values of the pair annihilation and creation operators where ∆ = U k c k↑ c −k↓ and∆ = U k c † −k↓ c † k↑ , leading to the order parameter equation 1/U = k 1/(2E k ) [7] . Here we follow the usual BCS-BEC crossover approach [15] , and substitute 1/U = −mV /(4π 2 a s ) + k 1/(2 k ), where V is the volume, and the s-wave scattering length a s = a R + ia I between ↑ and ↓ fermions in vacuum is a complex number with a I < 0 when U I > 0. Similarly, the number of particles can be obtained from the expectation value of the number operator where N = kσ c † kσ c kσ , leading to the number
. Unless we allow µ to have complex values, the imaginary component of N = N R + iN I is nonzero in general [9] . This may not be surprising given that the Hermitian operators do not correspond to physical observables in the biorthogonal quantum mechanics, causing their expectation values to be not necessarily real.
Noting that the SF order parameters always appear as ∆∆ in the self-consistency equations, we choose a special gauge satisfying H † emf = H * emf , and set ∆∆ = ∆ 2 0 where ∆ 0 = ∆ R +i∆ I is a complex number [7] . To make further progress, we also introduce a simpler notation ξ 2
This allows us to decouple the two complex self-consistency equations into four real ones:
Here, |a s | = a 2 R + a 2 I is the magnitude of a s , N R is set to its non-interacting value k 3 F V /(3π 2 ) with k F the Fermi wave vector, and N I is set to 0.
We note that our formalism recovers the usual BCS-BEC crossover problem by construction [15] , i.e., ∆ I → 0, µ I → 0 and φ k → 0 in the limit when U I → 0 or equivalently 1/(k F a I ) → −∞. The a I → 0 − limit has been well-studied in the past [1] [2] [3] , for which case the meanfield theory provides a qualitative understanding of the ground state in the entire range of −∞ < 1/(k F a R ) < ∞.
Hoping that the non-Hermitian extension of the meanfield theory is also valid, i.e., at least for the weaklyinelastic region where 1/(k F a I ) −5 if not for the strongly-inelastic region where 1/(k F a I ) −2 or the extremely-inelastic limit when 1/(k F a I ) → 0 − , next we resort to a fully numerical approach, and analyze the effects of a finite 1/(k F a I ) on the SF properties.
III. NUMERICAL RESULTS
After iterating Eqs. (2)-(5) for self-consistent solutions of ∆ R , ∆ I , µ R and µ I , we construct the phase diagram that is shown in Fig. 1 . The diagram involves three phases that are characterized by the following criteria [7] . In the green regions denoted as 'Normal', our numerical calculations do not converge to a selfconsistent solution with a finite ∆ R = 0 and/or ∆ I = 0. While we find convergent solutions with a reliable accuracy in both the white regions denoted as 'metastable' and the yellow region denoted as 'Superfluid', these regions are distinguished by the sign of the real part of the condensation energy. Here, the condensation energy
to the energy difference between the SF and normal phases, and its positive (negative) real part suggests a metastable (stable) SF solution, i.e., the SF so-lution is a local (global) minimum of the real part of the energy. In Fig. 1 , we have two disconnected normal regions. The one on the BCS side of the resonance, i.e., when 1/(k F a R ) < 0, is quite similar in structure to the recent work on the lattice model [7] : there is a reentrant SF transition that is intervened by a normal and/or a metastable phase as a function of increasing 1/(k F a I ) from −∞ towards 0 − . When 1/(k F a I ) −2, we noticed that min A k is negative (positive) in the metastable (SF) region, and that the energetic-stability boundary coincides very well with the condition min A k = 0 or simply ∆ 2 R = ∆ 2 I + µ 2 I in our continuum model. In connection to this, we also observe that the momentum distribution, that is given by the summand [· · · ] of Eq. (4), of the metastable phase is not strictly bounded by 0 from below and 2 from above in a tiny k-space region nearby the Fermi momentum. However, curiously enough, the Pauli principle is not violated on the energetically-stable side in the SF region.
On the other hand, the normal region on the BEC side of the resonance, i.e., when 1/(k F a R ) > 0, has no counterpart in the lattice model [7] . We believe this difference is quite intuitive given the distinct nature and properties of the tightly-bound bosonic pairs in these models. In the lattice model, the pairs become strongly repulsive when they are on the same site, due to the important role played by the Pauli exclusion principle [16] . In sharp contrast, the pairs become weakly repulsive in the continuum model [15] . As the real part of the pair-pair scattering length a p,R ∝ a R gets weaker with increasing 1/(k F a R ), the SF phase eventually gives its way to the normal phase once the imaginary part a p,I ∝ a I of the pair-pair scattering length dominates over a p,R . In particular, in the weakly-inelastic region when 1/(k F a I ) −5, we note that the transition from the SF phase to the normal one occurs approximately at 1/(k F a R ) ≈ 1/(k F a I ) without a sizeable metastable region in between.
This motivates us to study the two-body binding problem with a complex a s . Similar to the expression for the usual two-body problem with a real a s , the complex binding energy ε b of the two-body bound state is determined by 1/U = k 1/(2 k − ε b ), leading to ε b = − 2 /(ma 2 s ). Here, we eliminate 1/U in favor of a s via the relation given in Sec. II B, and perform the integral over real k using the residue theorem after going to the complex k → z plane. Even though the final result is identical in mathematical form to the usual problem with a real a s , here ε b = ε R + iε I is a complex number in general where ε R = 2 (a 2 I − a 2 R )/(m|a s | 4 ) and ε I = 2 2 a I a R /(m|a s | 4 ). Therefore, we conclude that a two-body bound state occurs only when a R > 0 and a R > |a I |, leading to ε R < 0 and ε I < 0, and its lifetime is determined by τ b = − /(2ε I ). The absence of a two-body bound state clearly explains why the SF region is bounded by 1/(k F a R ) < 1/(k F |a I |) on the BEC side of the resonance for the weakly-inelastic region when 1/(k F a I ) −5. In order to gain more physical insight into the phase diagram, we set 1/(k F a I ) to −4 in Fig. 2 , and present the resultant self-consistent solutions as a function of 1/(k F a R ). The numerical energy scale is the Fermi energy F = 2 k 2 F /(2m). First of all, independently of the value of 1/(k F a I ), both ∆ I and µ I vanish precisely at the resonance when 1/(k F a R ) = 0. For this reason, the evolutions of ∆ I and µ I are non-monotonous in the BCS-BEC crossover region. Although it is not visible in Fig. 2 , µ I is negative and has the shape of an inverted bell curve. In the weakly-inelastic region when 1/(k F a I ) −5, we find that while µ R → F and µ I → 0 − in the BCS limit, they approach to the two-body binding energy µ R → ε R /2 and µ I → ε I /2 in the BEC limit. This is clearly seen in Fig. 2 where the dashed lines correspond to µ = ε b /2. Thus, similar to the BEC side of the usual BCS-BEC crossover problem [15] , we conclude that the SF phase here can also be well-described by the condensation of weakly-interacting bosonic pairs in the two-body bound state. On the other hand, the physics differs considerably in the strongly-inelastic region especially when 1/(k F a I ) −2. To illustrate this, we set 1/(k F a I ) to −1 in Fig. 3 , and present the resultant self-consistent solutions as a function of 1/(k F a R ). We find that not only µ R > F is above the Fermi energy and µ I < 0 is nonvanishing in the BCS limit, they also deviate substantially from the two-body result in the BEC limit. We note that, given the absence of a two-body bound state when 1/(k F a R ) > 1/(k F |a I |), the SF phase here is a manybody phenomenon just like the BCS side. Furthermore, in the extremely-inelastic limit when 1/(k F a I ) → 0 − , we find that ∆ R ≈ 0.69 F , ∆ I → 0, µ R ≈ 0.59 F and µ I → 0 for the entire range of 1/(k F a R ). This amusing result may be an indication that the non-Hermitian extension of the mean-field theory eventually breaks down in the vicinity of a resonance when a I → −∞, deserving further investigation.
IV. CONCLUSION
In summary, here we discussed the non-Hermitian extension of the BCS-BEC evolution with a complex s-wave scattering length a s = a R +ia I between ↑ and ↓ fermions. Our self-consistent mean-field theory for the ground state is almost identical to the recent literature [7] , except that we allow not only the SF order parameter ∆ 0 but also the chemical potential µ to take complex values [9] . This turned out to be one of the crucial ingredients of the theory in the strongly-bound BEC regime where 2µ approaches to the binding energy ε b = − 2 /(ma 2 s ) of the two-body bound state in vacuum.
Some of our primary findings can be summarized as follows. We constructed the phase diagram of the system, where we found a reentrant SF transition that is intervened by a normal and/or a metastable phase as a function of increasing 1/(k F a I ) from −∞ towards 0 − . This transition occurs in a large parameter window of 1/(k F a R ) away from the unitarity, i.e., both on the BCS and BEC sides of the resonance. Furthermore, in the weakly-inelastic region when 1/(k F a I ) −5, we showed that the BEC side of the resonance can be well-described by the condensation of weakly-interacting bosonic pairs in the two-body bound state with a complex ε b . However, the physics differs considerably in the strongly-inelastic region especially when 1/(k F a I ) −2, where the SF phase is a many-body phenomenon reminiscent of the BCS side. As an outlook, the validity of the mean-field theory deserves particular investigation in the extremelyinelastic limit when 1/(k F a I ) → 0 − .
